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Key Points:
• We propose an analytical model of the bulk sediment transport cessation threshold
that reproduces measurements in air and viscous and turbulent liquids
• Threshold of vanishing bulk transport is not a fluid or impact entrainment threshold
but associated with sustaining particle-bed rebounds
• We classify intermittent transport regimes using the energy criterion for incipient mo-
tion and our new insights on transport cessation
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Abstract
Using particle-scale simulations of non-suspended sediment transport for a large range of
Newtonian fluids driving transport, including air and water, we determine the bulk transport
cessation threshold Θrt by extrapolating the transport load as a function of the dimension-
less fluid shear stress (Shields number) Θ to the vanishing transport limit. In this limit, the
simulated steady states of continuous transport can be described by simple analytical model
equations relating the average transport layer properties to the law of the wall flow velocity
profile. We use this model to calculate Θrt for arbitrary environments and derive a general
Shields-like threshold diagram in which a Stokes-like number replaces the particle Reynolds
number. Despite the simplicity of our hydrodynamic description, the predicted cessation
threshold, both from the simulations and analytical model, quantitatively agrees with mea-
surements for transport in air and viscous and turbulent liquids despite not being fitted to
these measurements. We interpret the analytical model as a description of a continuous re-
bound motion of transported particles and thus Θrt as the minimal fluid shear stress needed
to compensate the average energy loss of transported particles during an average rebound at
the bed surface. This interpretation, supported by simulations near Θrt , implies that entrain-
ment mechanisms are needed to sustain transport above Θrt . While entrainment by turbulent
events sustains intermittent transport, entrainment by particle-bed impacts sustains continu-
ous transport. Combining our interpretations with the critical energy criterion for incipient
motion by Valyrakis and coworkers, we put forward a new conceptual picture of sediment
transport intermittency.
1 Introduction
One of the key interests in geomorphology is to predict the evolution of fluid-sheared
surfaces, such as river beds, ocean floors, and wind-blown planetary surfaces [Yalin, 1977;
Graf , 1984; van Rijn, 1993; Julien, 1998; Garcia, 2007; Bagnold, 1941; Shao, 2008; Pye
and H.Tsoar, 2009; Zheng, 2009; Bourke et al., 2010; Durán et al., 2011; Merrison, 2012;
Kok et al., 2012; Rasmussen et al., 2015; Shao et al., 2015; Valance et al., 2015]. The ability
to do so requires answering two basic questions: what is the shear stress τ a stream of New-
tonian fluid needs to exert onto a bed composed of loose sediment to initiate transport and
what is the shear stress below which transport once initiated ceases. As the fluid force acting
on sediment particles (∼ τd2) must overcome their buoyant weight [∼ (ρp − ρ f )gd3], one
often recasts these problems in terms of the dimensionless fluid shear stress (Shields num-
ber) Θ = τ/[(ρp − ρ f )gd], where ρp (ρ f ) is the particle (fluid) density, g the gravitational
constant, and d the characteristic particle diameter.
The definitions of both the Shields number at the initiation threshold (also known as
static threshold, fluid threshold, entrainment threshold, erosion threshold, and incipient
motion threshold) and cessation threshold (also known as ‘dynamic threshold’ and ‘impact
threshold’), however, are not trivial as there is no obvious criterion distinguishing transport
from no transport. The problem is that motion of individual sediment particles, however
slow and short-lasting it may be, can occur at any nonzero Θ due to subsurface creep [Hous-
sais et al., 2015], turbulent events, and the spatial and temporal scale of observation [Paintal,
1971; Lavelle and Mofjeld, 1987; Laursen et al., 1999; Salim et al., 2017]. For these and
other reasons, various criteria for significant transport have been proposed in the literature to
visually identify the threshold Shields numbers. In general, one can distinguish criteria based
on critical amounts of individually moving particles, such as the weak and medium motion
criteria by Kramer [1935], from criteria based on the occurrence of, or a critical amount of,
bulk transport, defined as a comparably long-lasting collective particle motion, such as the
general motion criterion by Kramer [1935]. The former criteria are typically used for tur-
bulent fluvial flows [Miller et al., 1977; Buffington and Montgomery, 1997; Paphitis, 2001,
and references therein], whereas the latter criteria are preferred for laminar fluvial [Yalin
and Karahan, 1979; Govers, 1987] and turbulent aeolian flows [Bagnold, 1936, 1937, 1941;
Chepil, 1945; Lyles and Krauss, 1971; Iversen et al., 1976; Greeley et al., 1976; Iversen and
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White, 1982; Iversen and Rasmussen, 1994; Dong et al., 2003; Burr et al., 2015; Carneiro
et al., 2015; Webb et al., 2016] because bulk transport can be easily visually identified in
these environments: by the formation of grain carpets in laminar fluvial flows and by very
large particle hops in turbulent aeolian flows. A further situation sometimes studied in the
laboratory is the beginning motion of a single particle on top of a prearranged substrate [Fen-
ton and Abbott, 1977; Charru et al., 2007; Diplas et al., 2008; Celik et al., 2010; Valyrakis
et al., 2010, 2011, 2013; Agudo and Wierschem, 2012; Agudo et al., 2014, 2017, 2018; Ku-
drolli et al., 2016; Deskos and Diplas, 2018]. Moreover, it is worth highlighting that Salevan
et al. [2017] proposed a fundamentally different criterion for the onset of significant motion
based on analyzing the particle velocity distribution of all particles, including those nearly
static ones that belong to the bed surface.
The main problem with all these various criteria is the ambiguity of the associated
thresholds. What exactly are their different meanings in natural settings, and how relevant
are they for the evolution of fluid-sheared surfaces? An alternative definition of the thresh-
old, which we focus on in this study, treats this problem backward. Because predicting the
evolution of fluid-sheared surfaces usually requires knowledge of the amount of nonsus-
pended sediment carried along the surface, one defines a threshold Shields number Θtr in-
directly through an equation relating the transport rate Q of nonsuspended sediment to Θ,
such as
Q ∝ ρpd(Θ − Θtr )vx, (1)
where vx is the average particle velocity in the flow direction. Equation (1) has been used
to obtain Θtr via extrapolation of paired measurements of Θ and Q, or an indicator of Q, to
vanishing transport or a small reference value (the reference method) [Shields, 1936; Miller
et al., 1977; Parker and Klingeman, 1982; Buffington and Montgomery, 1997; Paphitis,
2001; Charru et al., 2004; Clifton et al., 2006; Ouriemi et al., 2007; Lobkovsky et al., 2008;
Hong et al., 2015; Creyssels et al., 2009; Barchyn and Hugenholtz, 2011; Ho et al., 2011;
Ho, 2012; Li et al., 2014, and references therein]. Because equation (1) predicts Q(Θrt ) = 0
even though transport never truly vanishes for Θ > 0, it is apparent that Q in equation (1),
if taken at face value, cannot include all occurring nonsuspended transport provided that Θrt
has a physical meaning beyond that of a fit parameter (the working hypothesis of this study).
Given that equation (1) stays representative for the large class of Bagnoldian transport re-
lations [e.g., Bagnold, 1956, 1973; Abrahams and Gao, 2006; Charru, 2006; Ali and Dey,
2017; Owen, 1964; Sørensen, 1991, 2004; Martin and Kok, 2017], which are usually de-
rived assuming a mean turbulent flow without fluctuations, one may conclude that Q in equa-
tion (1) does not include individual sediment particle motion caused by sporadic turbulent
events and thus that the threshold Θrt is associated with vanishing bulk transport, at least in
the Bagnoldian sense. In fact, Bagnoldian transport relations (not to be confused with Bag-
nold’s stream power relations [Bagnold, 1966, 1977, 1980]) are physically based on Bag-
nold’s assumption, recently numerically validated [Durán et al., 2012], that the particle-flow
feedback induced by continuous bulk transport reduces the dimensionless fluid shear stress
at the bed surface to a value close to Θrt . This class of relations has been shown to describe
continuous nonsuspended bulk transport in direct transport simulations for a large range of
the particle-fluid-density ratio s = ρp/ρ f and Galileo number Ga =
√
(s − 1)gd3/ν [Durán
et al., 2011, 2012, 2014a; Charru et al., 2016], where ν is the kinematic fluid viscosity. In
this study, continuous transport is defined as transport that never stops for any system size
that is larger than a certain cutoff size below which finite size effects begin to play a role.
In the fluvial transport community [Miller et al., 1977; Buffington and Montgomery,
1997; Paphitis, 2001, and references therein] (and in parts of the aeolian transport commu-
nity [Shao, 2008; Raffaele et al., 2016, 2018]), Θrt is currently treated as an initiation thresh-
old. One may therefore wonder whether the paired data Q(Θ) used to obtain Θrt through the
reference method depend on the experimental protocol. In fact, in fluvial environments, these
data are often measured using an initiation protocol (i.e., successively incrementing Θ start-
ing from a static bed), which may yield results different from a cessation protocol (i.e., suc-
cessively decrementing Θ starting from a mobile bed) because of changes in the structure
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and size distribution of bed surfaces in response to transport events [e.g., Turowski et al.,
2011]. Apart from these effects, the direct transport simulations of fluvial sediment trans-
port by Maurin et al. [2015] suggest that initiation and cessation protocols yield similar re-
sults for realistic settings (i.e., when turbulent fluctuations around the mean turbulent flow
are considered in the simulations) as the data for both protocols collapse on a master curve
Q(Θ) of a structure consistent with equation (1) (Figure S1 in the supporting information). In
contrast, for the unrealistic absence of turbulent fluctuations, the master curve Q(Θ) is only
obtained when the cessation protocol is used (Figure S1). These two numerical findings also
suggest that, if and only if fluvial transport has reached a state characterized by the master
curve Q(Θ), it becomes insensitive to the history of how this state has been reached (e.g., by
a turbulent fluctuation event or an initially mobile bed). Based on Figure S1, we assume that
initiation and cessation protocols are similar, but we acknowledge that the Figure S1 simula-
tions do not consider changes in bed surface structure and grain size that may occur during
transport events; accounting for those effects might cause the initiation and cessation proto-
cols to yield somewhat different results.
Put together, the findings that the functional structure of equation (1) may be insen-
sitive to fluid properties, turbulent fluctuations, and the data acquisition protocol question
the current paradigm that different physical mechanisms control Θrt in different environ-
ments, such as fluid entrainment in fluvial environments [Paphitis, 2001] and entrainment by
particle-bed impacts in aeolian environments (‘splash’) [Kok et al., 2012]. Indeed, here we
show that there is a universal physical meaning of Θrt and develop a relatively simple general
model predicting Θrt across environments in agreement with available measurements.
The paper is organized as follows. In section 2, we introduce the numerical model of
sediment transport in a Newtonian fluid by Durán et al. [2012], which we use to simulate
nonsuspended sediment transport for a large range of the density ratio (s ∈ [1.1, 2035]) and
Galileo number (Ga ∈ [0.1, 156]) and subsequently determine Θrt through a cessation pro-
tocol. The simulated range includes various saltation transport conditions (typical for, but
not limited to, aeolian environments), in which particles predominantly move without be-
ing in contact with other particles (e.g., hopping, Movie S1), and various bedload transport
conditions (typical for, but not limited to, fluvial environments), in which intergranular con-
tacts (e.g., sliding and rolling) significantly affect the particle motion (Movie S2). (Note that
Movie S2 looks different from natural fluvial bedload transport because turbulent fluctua-
tions around the mean turbulent flow are not considered in the simulations.) In section 3, we
validate the numerical simulations with experimental transport rate and threshold data corre-
sponding to aeolian transport on Earth and viscous and turbulent fluvial transport. We then
show that the average properties of the simulated transport states can be described by a set of
equations that can be used to analytically determine Θrt for arbitrary environments. In sec-
tion 4, we conceptually compare this analytical model with other threshold models from the
literature and discuss our results in the context of bed sediment entrainment, incipient sedi-
ment motion, and transport intermittency. Finally, we draw conclusions in section 5.
2 Numerical Model Description
The numerical model of sediment transport in a Newtonian fluid by Durán et al. [2012]
belongs to a new generation of sophisticated grain-scale models of sediment transport [Carneiro
et al., 2011; Durán et al., 2011, 2012; Carneiro et al., 2013; Ji et al., 2013; Durán et al.,
2014a,b; Kidanemariam and Uhlmann, 2014a,b, 2017; Schmeeckle, 2014; Vowinckel et al.,
2014, 2016; Arolla and Desjardins, 2015; Pähtz et al., 2015a,b; Carneiro et al., 2015; Clark
et al., 2015, 2017; Derksen, 2015; Maurin et al., 2015, 2016, 2018; Finn and Li, 2016; Finn
et al., 2016; Sun and Xiao, 2016; Elghannay and Tafti, 2017a,b; González et al., 2017; Pähtz
and Durán, 2017; Seil et al., 2018]. It couples a discrete element method for the particle mo-
tion with a continuum Reynolds-averaged description of hydrodynamics, which means that
it neglects turbulent fluctuations around the mean turbulent flow. It simulates the transla-
tional and rotational dynamics of ≈ 15, 000 spheres, including > 10 layers of bed particles
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(more than sufficient to completely dissipate the energy of particles impacting the bed sur-
face), with diameters dp evenly distributed within two sizes (0.8d and 1.2d) in a quasi-2-D,
vertically infinite domain of length 1181d. Periodic boundary conditions are imposed along
the flow direction, while the bottommost layer of particles is glued to a bottom wall. The par-
ticle contact model considers normal repulsion, energy dissipation, and tangential friction,
where the magnitude of the tangential friction force relative to the normal contact force is
limited through a Coulomb friction criterion. The Reynolds-averaged Navier-Stokes equa-
tions are applied to an inner turbulent boundary layer of infinite size, which means that the
flow depth of fluvial flows is assumed to be much larger than the thickness of the bedload
transport layer. These equations are combined with an improved mixing length approxima-
tion that ensures a smooth hydrodynamic transition from high to low particle concentration
at the bed surface and quantitatively reproduces the law of the wall flow velocity profile in
the absence of transport. The model considers the gravity, buoyancy, added-mass, and fluid
drag force acting on particles. However, cohesive and higher-order fluid forces, such as the
lift force and hindrance effect on the drag force are neglected. We refer the reader to the orig-
inal publication [Durán et al., 2012] for further details (note that we recently corrected slight
inaccuracies in the original model [Pähtz and Durán, 2017]).
2.1 Sensitivity to Contact Model Parameters (Lubrication Forces)
All results presented in this study for the bedload transport regime do not significantly
depend on contact parameters, such as the normal restitution coefficient e and tangential con-
tact friction coefficient µc . For example, the transport rate Q and threshold Θrt are nearly
the same for bedload transport simulations with e = 0.9 and e = 0.01, which is consis-
tent with previous studies [Drake and Calantoni, 2001; Maurin et al., 2015; Elghannay and
Tafti, 2017b; Pähtz and Durán, 2017]. The probable reason is that nearly maximal dissipa-
tive normal collisions (e = 0.01) do not prevent particles from rebounding at the bed sur-
face (Movie S2), even for aeolian saltation transport (Movie S3), because the contact plane
is usually inclined against the horizontal plane for particle-bed collisions as the bed is not
flat. However, note that the contact parameters e and µc significantly affect the granular flow
rheology below the bed surface, most notably the local energy dissipation rate. In particular,
the number of bed layers needed to dissipate the energy that particles lose when rebound-
ing at the bed surface increases with e. The insensitivity of the transport layer to contact
parameters implies that any dissipative short-range force that is proportional to the relative
velocity of two interacting particles, such as the lubrication force [Simeonov and Calantoni,
2012], does not significantly influence average bedload transport characteristics as the effect
of such forces can be incorporated in e and µc [Gondret et al., 2002; Yang and Hunt, 2006;
Schmeeckle, 2014; Maurin et al., 2015]. It also challenges recent analytical models of sed-
iment transport that assumed a flat bed and thus a crucial role of lubrication forces [Berzi
et al., 2016, 2017]. Note that, for all simulation data shown in this manuscript, e = 0.9 (ex-
cept in Movies S2 and S3) and µc = 0.5, which are values typical for dry quartz sand.
2.2 Computation of Average Quantities From the Simulation Data
2.2.1 Local Average Over Particles
We define a Cartesian coordinate system x = (x, y, z), where x is the horizontal co-
ordinate in the flow direction parallel to the sediment bed, z the vertical coordinate normal
to the bed, and y the lateral coordinate. Using this coordinate system, we compute the local
mass-weighted ensemble average of a quantity A through [Pähtz et al., 2015a]
〈A〉 = 1
ρ
∑
n
mnAnδ(x − xn)
E
, (2)
where xn (mn) is the location (mass) of particle n, ρ = ∑n mnδ(x − xn)E the particle mass
density, δ the delta distribution, and the overbar with superscript E denotes the ensemble av-
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erage, which we calculate for our simulated steady systems through time averaging over the
simulation duration (ergodic hypothesis). The δ kernels are further coarse grained through
spatial averaging over a discretization volume of size 1181d × 1d × ∆z, where ∆z varies be-
tween 0.05d in dense and dilute regions and larger values in rarefied regions. Henceforth, the
δ symbol should thus be interpreted as the associated coarse-graining function.
2.2.2 Particle Stress Tensor
The particle stress tensor Pi j is composed of a transport contribution (superscript t)
and a contact contribution (superscript c) and computed through [Pähtz et al., 2015a]
Pi j = Pti j + P
c
i j, (3a)
Pti j = ρ(〈vivj〉 − 〈vi〉〈vj〉), (3b)
Pci j =
1
2
∑
mn
Fmnj (xmi − xni )
1∫
0
δ(x − ((xm − xn)s′ + xn))ds′
E
, (3c)
where s′ is a dummy variable and Fmn the contact force applied by particle n on particle m
(Fmm = 0). We confirmed that this manner of computation is equivalent to computing Pzx
and Pzz indirectly through the momentum balance. For steady, homogeneous transport con-
ditions (∂/∂t = ∂/∂x = ∂/∂y = 0), the mass and momentum balance read [Pähtz et al.,
2015a]
Mass balance: 〈vz〉 = 0, (4)
Momentum balance: dPzi/dz = ρ〈ai〉, (5)
where a is the particle acceleration due to noncontact forces.
2.2.3 Bed Surface Elevation
We compute the bed surface zr (i.e., the lower limit of the transport layer) as the el-
evation where the production rate Pzzd〈vx〉/dz of the cross-correlation fluctuation energy
density −ρ〈(vx − 〈vx〉)vz〉 is maximal [Pähtz and Durán, 2017]. Indeed, zr is a measure for
the effective location of energetic particle-bed rebounds, which are the main reason for the
production of −ρ〈(vx − 〈vx〉)vz〉 because they effectively convert the horizontal momen-
tum of descending particles into the vertical momentum of ascending particles. Consistently,
d〈vx〉/dz always peaks near the bed surface due to an exponential decay of 〈vx〉 within the
sediment bed [Pähtz and Durán, 2017].
2.2.4 Transport Layer Average
The average over the transport layer of a quantity A is represented by an overbar and
defined as
A =
1
Mr
∞∫
zr
ρ〈A〉dz, (6)
where Mr =
∫ ∞
zr
ρdz is the transport load (i.e., the mass of transported particles per unit
area). Note that Mr = Qr/vx , where Qr =
∫ ∞
zr
ρ〈vx〉dz is the rate of sediment transport
above the bed surface, which is slightly smaller than the total transport rate Q =
∫ ∞
−∞ ρ〈vx〉dz.
3 Results
This section is separated into three subsections: In section 3.1, we validate the nu-
merical model with experimental data, including measurements of the transport rate Q and
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threshold Θrt . In section 3.2, we derive the equations that describe the simulated steady, con-
tinuous transport states, use them to predict Θrt in arbitrary environments, and validate these
analytical predictions with available experimental data. In section 3.3, we explain why we
interpret Θrt as the minimal fluid shear stress needed to compensate the average energy loss
of rebounding particles by the fluid drag acceleration during particle trajectories. Finally, in
section 3.4, we analyze the predictions of the analytical model and present a general thresh-
old diagram.
3.1 Model Validation
3.1.1 Validation With Nonthreshold Measurements
The model by Durán et al. [2012] has previously been shown to reproduce many ob-
servations concerning bedform formation [Durán et al., 2014b] and the quality of viscous
and turbulent sediment transport in air and liquids [Durán et al., 2011, 2012, 2014a]. Here
we show further quantitative model tests in Figures 1 and 2. Figure 1 compares model sim-
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Figure 1. Numerical model versus measurements. Comparison between simulations and measurements
[Recking et al., 2008; Lajeunesse et al., 2010; Aussillous et al., 2013; Creyssels et al., 2009; Ho, 2012] of the
dimensionless sediment transport rate as a function of the Shields number Θ for (a) viscous fluvial bedload,
(b) turbulent fluvial bedload, and (c) aeolian saltation transport. The nondimensionalization of the sediment
transport rate Q in (a) is different from the one in (b) and (c) in order to account for the proportionality of Q
with Ga for viscous bedload transport [Kidanemariam and Uhlmann, 2014b]. The saturation of Q when Θ is
large, present in some viscous bedload measurements (a), is caused by more and more particles moving near
the top of the experimental facility with increasing Θ [Aussillous et al., 2013], where the flow velocity does
not follow the laminar velocity profile due to the nonslip condition at the upper boundary. In contrast, there is
no upper boundary in the direct transport simulations.
ulations against measurements of the dimensionless sediment transport rate for three very
different environmental conditions that are characterized by varying combinations of s and
Ga: viscous fluvial bedload (Figure 1a), turbulent fluvial bedload (Figure 1b), and aeolian
saltation transport (Figure 1c). This comparison reveals that the simulations do not only re-
produce the very different (asymptotic) scaling laws but are also quantitatively consistent
with measurements of Q. Figure 2 shows that the simulations are also quantitatively con-
sistent with aeolian saltation transport measurements of the vertical profiles of the particle
volume fraction ρ/ρp and average horizontal particle velocity 〈vx〉. A quantitative compari-
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Figure 2. Numerical model versus measurements. Comparison between simulations and aeolian saltation
transport measurements [Ho, 2012] of the vertical profiles relative to the bed surface elevation zr of (a) the
particle volume fraction ρ/ρp and (b) the average particle velocity 〈vx〉 in the flow direction.
son against measurements of the vertical profiles of the average fluid and particle velocity in
viscous fluvial bedload transport was already shown in Figure 6 of Durán et al. [2014a].
3.1.2 Validation With Threshold Measurements
The method that we use to obtain Θrt from the steady, continuous transport simulation
data is adopted from Durán et al. [2011, 2012]. We define a flux-weighted height average of
the horizontal particle velocity: vxq =
∫ ∞
−∞ ρ〈v2x〉dz/Q and linearly extrapolate M = Q/vxq
as a function of the Shields number Θ to M = 0, consistent with equation (1). In section 4.1,
we validate this extrapolation procedure using simulations of the temporal decay of M across
the threshold (an interpolation procedure that accounts for transport intermittency near Θrt ).
In particular, it turns out that M > 0 even when Θ ≤ Θrt , consistent with subsurface creeping
[Houssais et al., 2015], as mentioned in section 1. However, the associated values of M are
so small that they do not matter for the extrapolation procedure. The quantity M is approxi-
mately proportional to Mr = Qr/vx (section 2.2.4) and thus a measure for the transport load
because Qr ' Q and vx ∝ vxq are approximately obeyed. However, the data M(Θ) are signif-
icantly smoother than Mr (Θ), which allows a more accurate determination of Θrt . Note that,
for most conditions, it does not matter much for the value of Θrt how many points are consid-
ered for the linear extrapolation. However, for viscous bedload transport, there is a change
in the slope of M(Θ) not far from Θrt [Durán et al., 2014a]. For such cases, we therefore use
only points sufficiently near Θrt for the extrapolation.
We compare the so obtained values of Θrt with experimental data from three different
conditions:
Bedload transport in viscous liquids: We use the threshold measurements by Yalin and Kara-
han [1979], who identified the onset of bulk bedload transport (grain carpets). According to
our direct transport simulations, the associated threshold Shields number is nearly equivalent
to Θrt for viscous bedload transport conditions. We decided against data sets from other au-
thors that measured the threshold via extrapolation [e.g., Charru et al., 2004; Ouriemi et al.,
2007; Lobkovsky et al., 2008; Hong et al., 2015] due to the above mentioned slope change of
M(Θ) near Θrt for viscous bedload transport.
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Bedload transport in turbulent liquids: We carry out a compilation of measurements of Θrt ,
obtained via extrapolating sediment transport rate relations like equation (1) to vanishing
transport or a small reference value (i.e., the reference method), provided and referenced
in the review by Buffington and Montgomery [1997]. We assume that the various reference
value definitions (including vanishing transport) yield similar results and that the transport
rate data Q(Θ) used for the extrapolation do not significantly depend on the experimental
protocol (measuring Q via successively incrementing versus decrementing Θ) for reasons
explained in section 1.
Saltation transport in air: We use the paired measurements of Q and Θ reported by Creyssels
et al. [2009] and Ho et al. [2011] to obtain Θrt via linear extrapolation to vanishing transport.
However, we only use measurements with Θ < 0.06 because this value marks the begin-
ning of the nonlinear Bagnold regime in direct transport simulations [Durán et al., 2011,
their Figure 27] (a paper on this issue is in preparation). We also choose visual measure-
ments of the impact threshold by Bagnold [1937], Chepil [1945], and Carneiro et al. [2015]
for the comparison (for the data in Figure 6 of Carneiro et al. [2015], we estimated a slightly
smaller value 0.0049 than the value 0.0053 these authors reported). As we discuss in sec-
tion 4.3, these measurements may be close to Θrt .
Figure 3 shows that the values of Θrt obtained from our direct transport simulations
(filled symbols) are consistent with the measurements (open symbols) except for the aeo-
lian impact threshold measurements at small Galileo number Ga. These measurements were
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Analytical model predictions of Θrt for cohesionless, naturally-shaped particles, s = 2.65
Analytical model predictions of Θrt for cohesionless, naturally-shaped particles, s = 2000
Analytical model predictions of Θrt for weakly cohesive (ccoh = 0.15) , naturally shaped particles, s = 2000
Analytical model predictions of Θrt for strongly cohesive (ccoh = 0.3) , naturally shaped particles, s = 2000
Reference method measurements of Θrt [95% confidence range of means of data compiled by Buffington & Montgomery (1997)]
Visual measurements of the onset of viscous bedload transport (≃ Θrt) (quartz in water-oil mixtures) (Yalin & Karahan 1979)
Visual measurements of the impact threshold of saltation transport (≥ Θrt) (quartz in Earth’s atmosphere) (Bagnold 1937)
Visual measurements of the impact threshold of saltation transport (≥ Θrt) (clay loam in Earth’s atmosphere) (Chepil 1945)
Visual measurements of the impact threshold of saltation transport (≥ Θrt) (quartz in Earth’s atmosphere) (Carneiro et al. 2015)
Measurements of Θrt from extrapolation to vanishing transport (quartz in Earth’s atmosphere) (Creyssels et al. 2009)
Measurements of Θrt from extrapolation to vanishing transport (quartz in Earth’s atmosphere) (Ho et al. 2011)
Numerical Discrete Element Method simulations for cohesionless, spherical particles, s = 2.65
Numerical Discrete Element Method simulations for cohesionless, spherical particles, s = 2000
Analytical prediction of Θrt for cohesionless, spherical particles, s = 2.65 (for comparison with numerical simulations)
Analytical model prediction of Θrt for cohesionless, spherical particles, s = 2000 (for comparison with numerical simulations)
Figure 3. Validation of numerical and analytical threshold predictions. Threshold Shields number Θrt
versus Galileo number Ga for simulated (filled symbols) and measured (open symbols) values in water and
water-oil mixtures [Yalin and Karahan, 1979; Buffington and Montgomery, 1997] (blue) and Earth’s atmo-
sphere [Bagnold, 1937; Chepil, 1945; Creyssels et al., 2009; Ho et al., 2011; Carneiro et al., 2015] (brown).
Predictions from the analytical model are shown as lines.
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obtained using small particles (d < 100 µm), which are largely affected by cohesive interpar-
ticle forces [Bagnold, 1937; Chepil, 1945] neglected in the simulations. The lines in Figure 3
correspond to the predictions from the analytical threshold model, which is presented in the
following.
3.2 Analytical Threshold Model
For pedagogical reasons, we first summarize the analytical model and the physical
meaning of each model equation and present an in-detail justification afterward. The main
assumption behind the analytical model is that, for any value of the Shields number Θ > Θrt ,
there is a unique equilibrium (i.e., steady) transport state that obeys equation (1). Under this
assumption, the threshold Θrt can be obtained by extrapolating this transport state to van-
ishing transport. We support and discuss this assumption in the context of previous results
[Carneiro et al., 2011; Clark et al., 2015] in section 4.1.
We find that steady, continuous transport is described by three equations relating the
average horizontal fluid velocity Ux = ux/
√(s − 1)gd and Shields number Θ to the following
average properties of the transport layer: the average horizontal and vertical particle velocity
Vx = vx/
√(s − 1)gd and Vz = √v2z/√(s − 1)gd, respectively, and the characteristic transport
layer thickness Z = (z − zr )/d (roughly half of the actual thickness). Close to the threshold,
two further equations allow to close the system and calculate Θrt : a relation between Vx and
Ux and the law of the wall flow velocity profile, which is valid because transported particles
do not disturb the flow in the limit Θ → Θrt . A final equation parametrizes the effect of
cohesion on the cessation threshold by changing the boundary condition at the bed surface,
where the intensity of cohesive forces is expressed in terms of the cohesion number C =
d−1σ3/5E−1/5[(ρp − ρ f )g]−2/5, with σ the particle surface tension and E the Young modulus
(for quartz particles, σ = 3 J/m2 and E = 7 × 1010 Pa). The full set of equations is
Ux − Vx =

√√
1
4
m
√(
24
C∞
d
Ga
)2
+ m
√
4µb
3C∞
d
− 1
2
m
√
24
C∞
d
Ga

m
, (7a)
Vz = αµ−1b
√
Vx |Θ=Θrt Vx
Θ→Θrt−−−−−→ αµ−1b Vx, (7b)
Z = βµ−1b Θ + sV
2
z
Θ→Θrt−−−−−→ βµ−1b Θrt + sV2z , (7c)
Ux =
√
Θrt f [Red(Z + Z∆),Red] ≡
√
Θrt f [Rez,Red], (7d)
Vx =
2
√
Θrt
κ
√
1 − exp
[
−1
4
γ2κ2
(
Ux/
√
Θrt
)2]
, (7e)
µb = µ
o
b
[
1 + 1.5(ccohC)5/3
]
, (7f)
where µo
b
= 0.63, α = 0.18, β = 0.9, γ = 0.79, and Z∆ = 0.7 are model parameters
obtained from adjusting equations (7a-7e) to the cohesionless (ccoh = 0) transport simula-
tions (Figures 4 and 5), f a function associated with the law of the wall by Guo and Julien
[2007] [Appendix A: equation (A.1)], Red = Ga
√
Θrt the particle Reynolds number, κ = 0.4
is the von Kármán constant, and ccoh a dimensionless parameter quantifying the strength
of adhesive forces (ccoh , 0 only for the dotted and dash-dotted lines in Figure 3). In the
supporting information, we provide a short and simple commented MATLAB code solving
equations (7a–7f).
Equations (7a) and (7b) are obtained from the bed boundary condition: the ratio µ =
−Pzx/Pzz between granular shear stress and pressure (the friction coefficient) is relatively
constant at the bed surface: µb ≡ µ(zr ) = const, which links the vertical to the horizontal
particle motion (Section 3.2.1). In particular, the submerged weight of transported particles
is linked to the horizontal fluid drag force, which is calculated using the empirical fluid drag
law by Camenen [2007] that includes parameters accounting for the particle shape: C∞
d
=
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Figure 4. Validation of equations (7a-7c). (a) Dimensionless fluid-particle-velocity difference Ux − Vx
versus product of impact number Im = Ga
√
s + 0.5 [Pähtz and Durán, 2017] and Θ/Θrt . (b) Dimensionless
vertical velocity Vz versus
√
[µ−2
b
Vx]Θ≈Θrt Vx . (c) Dimensionless characteristic transport layer thickness Z
versus βµ−1
b
Θ + sV2z . Symbols correspond to data from our cohesionless transport simulations (ccoh = 0) for
varying s, Ga, and Θ. The solid lines correspond to predictions from the analytical model. In particular, the
colored solid lines in (a) correspond to the same value of Ga as the likewise colored symbols. Simulated val-
ues of the bed friction coefficient µb , which slightly vary around the simulation mean µb = µob (Figure S2),
are used in (b) and (c), and µb = µob in (a).
0.5 and m = 2 for spherical particles (used in Figures 4 and 5 and for the dashed lines in
Figure 3) and C∞
d
= 1 and m = 1.5 for naturally-shaped particles (used for the nondashed
lines in Figure 3). Equation (7c) takes into account that two mechanisms contribute to the
characteristic transport layer thickness Z (section 3.2.2): intergranular contacts (βµ−1
b
Θ),
which are significant in bedload transport, and the vertical motion of particles (sV2z ).
In contrast to equations (7a–7c), equations (7d) and (7e) require near-threshold condi-
tions to be valid. Equation (7d) models the average fluid velocity Ux near threshold condi-
tions, like in previous studies [Sauermann et al., 2001; Claudin and Andreotti, 2006; Durán
and Herrmann, 2006; Kok, 2010a; Pähtz et al., 2012; Berzi et al., 2016, 2017], as the law of
the wall velocity profile
√
Θrt f [Red(z − zu)/d,Red] evaluated at the mean transport layer
height z = Zd + zr , where we find from our direct transport simulations that the zero-velocity
elevation zu is a slight constant distance below the effective location of particles when they
rebound at the bed surface: zu = zr − Z∆d. Equation (7e) is associated with a continuous
rebound motion of individual particles along the bed surface near threshold conditions (sec-
tion 3.2.3).
Finally, equation (7f), which is the only model equation that cannot be tested with the
cohesionless transport simulations, describes the increase of bed particle resistance to shear
stress, described in our model by the bed friction coefficient µb , with the cohesion number
C due to adhesion forces, as derived in Appendix A.4 of Claudin and Andreotti [2006]. It
results in an improved agreement of the analytical model with aeolian impact threshold mea-
surements for conditions corresponding to small particles (d < 100 µm), for which the
cohesion number C significantly affects the model predictions when ccoh > 0 (Figure 3).
However, note that the predictions for cohesionless conditions (ccoh = 0 and thus µb = µob)
explain the majority of the measurements.
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Figure 5. Validation of equations (7d) and (7e) and the prediction of Θrt from the full model. (a)
Ux/[
√
Θrt f (Rez,Red)] versus Θ/Θrt . (b) Vx/
√
Θrt versus Ux/
√
Θrt . Symbols correspond to data from our
cohesionless transport simulations (ccoh = 0) for varying s, Ga, and Θ near the threshold Θrt . The solid lines
correspond to predictions from the analytical model. (c) Predicted versus simulated values of Θrt for varying s
and Ga. For symbol legend, see Figure 4.
3.2.1 Bed Boundary Condition
From our cohesionless transport simulations, we find that the cohesionless bed fric-
tion coefficient µo
b
is relatively constant (Figure S2). In the analytical model, we use µo
b
=
µb(0) = 0.63, which is close to the simulation mean. The idea to describe steady sediment
transport by a constant bed friction coefficient goes back to Bagnold [1956, 1966, 1973] and
has been adopted in many analytical models of sediment transport [e.g., Ashida and Michiue,
1972; Engelund and Fredsøe, 1976; Kovacs and Parker, 1994; Nino and Garcia, 1994, 1998;
Seminara et al., 2002; Parker et al., 2003; Abrahams and Gao, 2006; Sauermann et al.,
2001; Durán and Herrmann, 2006; Lämmel et al., 2012; Pähtz et al., 2012, 2013, 2014;
Jenkins and Valance, 2014; Berzi et al., 2016, 2017]. In a forthcoming paper [Pähtz and
Durán, 2018], we show that the reason that this idea works so well is associated with con-
tinuous particle-bed rebounds rather than a granular yield criterion of dense granular flows
[MiDi, 2004], as Bagnold [1956, 1966, 1973] originally proposed. Hence, µb = const does
not resemble a critical condition associated with the entrainment of bed sediment but rather
the boundary condition that characterizes a continuous rebound state.
The bed friction coefficient µb is directly related to properties of the equilibrium trans-
port layer. Indeed, using equations (5) and (6), we obtain equation (7a) via
µb = − PzxPzz (zr ) = −
∫ ∞
zr
ρ 〈ax 〉dz∫ ∞
zr
ρ 〈az 〉dz = −
ax
az
' adxg˜ ' 3Cd |u−v |(ux−vx )4sg˜d
⇒ µb = 34Ceffd (Ux − Vx)2 with Ceffd =
[
m
√
24
Ga(Ux−Vx ) +
m
√
C∞
d
]m
⇔ Ux − Vx =

√
1
4
m
√(
24
C∞
d
Ga
)2
+ m
√
4µb
3C∞
d
− 12 m
√
24
C∞
d
Ga

m
, (8)
where we approximated −az by the buoyancy-reduced gravity constant g˜ = (s−1)g/s because
the mass balance [equation (4)] implies that vertical fluid drag forces acting on ascending
and descending particles tend to compensate each other [Pähtz et al., 2012]. Furthermore, we
calculated ax as the transport layer average of the horizontal fluid drag acceleration adx using
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the general drag law by Camenen [2007], which gives rise to an effective average drag coeffi-
cient Ceff
d
. We also confirmed that the added mass contributions to both az and ax , which are
potentially important when s is close to unity, are negligible. The reason is the fact that the
added mass force is proportional to the sum of the total noncontact force (as it would be in
the absence of the added mass effect) and the total contact force, which tend to compensate
each other on average when s is close to unity.
We also use the bed boundary condition to derive an expression for the relationship be-
tween Vz and Vx . First, we approximate µ = −Pzx/Pzz ' −Ptzx/Ptzz = −〈vzvx〉/〈v2z 〉, where
the equality at the right-hand side follows from equations (3b) and (4). This approximation
is trivial for saltation transport, for which Pi j ' Pti j . However, in a forthcoming paper [Pähtz
and Durán, 2018], we show that it is approximately obeyed also for bedload transport even
though Pti j may be much smaller than Pi j . Hence, height averaging µ yields
µ ' −vzvx
v2z
' 〈vx〉↓ − 〈vx〉↑
〈vz〉↑ − 〈vz〉↓
≡ 2α Vx
(〈vz〉↑ − 〈vz〉↓)/
√(s − 1)gd , (9)
where 〈v〉↑(↓) = 〈vH[+(−)vz]〉/〈H[+(−)vz]〉, with H the Heaviside function, is the average
velocity of ascending (descending) particles and α a model parameter that is based on the as-
sumption that 〈vx〉↑ ∝ 〈vx〉↓. However, this assumption only makes sense when the transport
layer predominantly consists of particles rebounding at a nearly static bed surface, which lim-
its its applicability to Shields numbers Θ sufficiently close to the threshold Θrt . In fact, when
Θ is too large, the bed surface becomes fully mobile and a collisional layer of particles forms
around it [Pähtz and Durán, 2017], which contributes to the transport layer average. Finally,
we approximate µ(〈vz〉↑ − 〈vz〉↓) ≈ 2µb
√
v2z , yielding
Vz = αµ−1b Vx . (10)
Although this approximation significantly worsens the agreement with the simulation data
(Figure S3), it has the advantage of reducing the number of variables, which is necessary for
closing the analytical model. Note that the simulation data indicate that Vx in equations (9)
and (10) should be substituted by
√
Vx |Θ=Θrt Vx , resulting in equation (7b), to be applicable
to conditions far from the threshold Θrt (Figures 4b and S2). In a future paper, we will show
that this substitution follows from the energy balance. However, here we do not discuss it
because the analytical threshold model only requires knowledge of the relationship between
Vz and Vx in the limit Θ→ Θrt , which is given by equation (10).
3.2.2 Characteristic Transport Layer Thickness
We obtain the characteristic transport layer thickness Z from the vertical momentum
balance of particles [equation (5)] using equation (6), partial integration, and −az ' g˜ via
Z = z−zrd ' − (z−zr )azg˜d = −
1
Mr
∫ ∞
zr
ρ(z−zr )〈az 〉dz
g˜d = −
1
Mr
∫ ∞
zr
(z−zr ) dPzzdz dz
g˜d =
1
Mr
∫ ∞
zr
Pzzdz
g˜d =
Pzz/ρ
g˜d
⇒ Z = Zc + sV2z , (11)
where Zc = Pczz/ρ/(g˜d) is the contribution to Z from intergranular contacts and sV2z =
Ptzz/ρ/(g˜d) the contribution from the transport of particles between contacts [equation (3a)].
The contribution Zc is associated with a collision-induced granular diffusion process.
Leighton and Acrivos [1986] showed that the thickness of such a diffusion layer scales with
Θd, which was used to explain the asymptotic scaling Q ∝ Θ3 of the viscous bedload trans-
port rate (Figure 1a) [Charru and Mouilleron-Arnould, 2002; Charru et al., 2016]. These
findings indicate Zc ∝ Θ.
Here we obtain nearly the same scaling using much simpler arguments. First, we as-
sume that the predominant scale for the mean value of Pczz/ρ is its value at the bed surface
–13–
Confidential manuscript submitted to JGR-Earth Surface
elevation zr : Pczz/ρ ∝ [Pczz/ρ](zr ) because the contact pressure Pczz increases strongly with
concentration ρ [Chialvo and Sundaresan, 2013], which maximizes near zr . Second, we as-
sume that intergranular contacts are only significant for bedload transport, in which colli-
sional contributions to the particle stress tensor dominate kinetic contributions at zr [Pähtz
and Durán, 2018]: [Pczz/ρ](zr ) ' [Pzz/ρ](zr ) = µ−1b [−Pzx/ρ](zr ). Now, for intense bedload
transport (Θ  Θrt and thus −Pzx(zr )/(ρp g˜d) ' Θ), a local granular rheology develops
[Maurin et al., 2016], in which a constant value µb = µ(zr ) is associated with a constant
value ρ(zr )/ρp . For such conditions, we thus obtain
Zc ∝ µ−1b Θ. (12)
Curiously, this scaling seems to hold fairly well even near the threshold Θrt , for which both
−Pzx(zr ) and ρ(zr ) become small [ρ(zr )/ρp is no longer constant near Θrt because the rheol-
ogy becomes nonlocal for weak transport conditions [Pähtz and Durán, 2018]].
3.2.3 Horizontal Particle Velocity
Equation (7e), which seems to be generally valid near threshold conditions (Figure 5b),
is foremost an empirical finding from our direct transport simulations as we have only been
able to justify it under the drastic assumption that the particle motion near threshold con-
ditions can be represented by the identical periodic hopping motion of individual particles
along a perfectly flat bed (see below). Although this assumption is common in analytical
sediment transport models [Jenkins and Valance, 2014; Berzi et al., 2016, 2017], it results in
unphysical profiles of kinematic particle properties, such as a concentration profile ρ(z) that
is increasing with height z [Pähtz and Durán, 2017]. It also rules out the possibility of inter-
granular contacts contributing to the transport layer properties, which are known to be cru-
cial in bedload transport [Schmeeckle, 2014]. For example, the assumption implies that Zc =
0 and that the bed friction coefficient becomes a purely kinematic quantity associated with
the lift-off (v↑) and impact velocity v↓ of the individual particles: µb = (vx↓−vx↑)/(vz↑−vz↓).
For this reason, we only consider saltation transport and thus assume Z = sV2z and Z  Z∆
in the following analytical justification.
Saltation in log-layer velocity profile: We consider the periodic hopping motion of a particle
subjected to the log-layer velocity profile ux/
√(s − 1)gd = κ−1√Θ ln[(z − zu)/zo], where
zo = d/30 is the surface roughness, implying Ux ' κ−1
√
Θ ln(30sV2z ), which is the limit of
equation (7d) for large Red using Z  Z∆. Using equations (7a) and (7b), we can then write
κ−1
√
Θ ln(30sV2z ) − α−1µbVz = [Ux − Vx](µb,Ga). (13)
Now, neglecting the influence of fluid drag on the vertical particle motion implies that Vz
scales with the dimensionless vertical lift-off velocity v˜↑z = v↑z/
√(s − 1)gd:
κ−1
√
Θ ln(30c2vsv˜2↑z) − cvα−1µb v˜↑z = [Ux − Vx](µb,Ga), (14)
where cv = Vz/v˜↑z is the scaling constant. Finally, we assume that Θrt corresponds to the
smallest value of Θ for which a solution of equation (14) for v˜↑z exists: Θrt = minv˜↑z Θ(v˜↑z),
from which we obtain α−1µbVz = cvα−1µb v˜↑z = 2κ−1
√
Θrt and thus
Vx = 2κ−1
√
Θrt (15)
using equation (7b). Equation (15) is, indeed, the limit of equation (7e) for large Ux/
√
Θrt
(i.e., small viscous sublayer of the turbulent boundary layer [Pähtz and Durán, 2017]).
Saltation in viscous velocity profile: We consider the periodic hopping motion of a particle
subjected to the viscous sublayer velocity profile ux/
√(s − 1)gd = ΘGa(z − zu)/d, implying
Ux ' ΘGaZ , which is the limit of equation (7d) for small Red using Z  Z∆. When sed-
iment transport occurs within the viscous sublayer, Stokes drag usually dominates turbulent
drag, meaning that equation (7a) can be approximated as its limit of small Galileo number
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Ga: Ux − Vx ' µb v˜s , where v˜s = Ga/18 is the dimensionless terminal settling velocity.
Hence, the same reasoning as in the log-layer case leads to [cf. equation (14)]
18c2vΘsv˜s v˜2↑z − cvα−1µb v˜↑z = µb v˜s . (16)
Equation (16) means that the larger v˜↑z the smaller Θ. Hence, the minimal value of Θ for
which a solution of equation (16) exists is the one corresponding to the maximally possi-
ble value of v˜↑z . In fact, v˜↑z cannot increase indefinitely as the magnitude of vertical ve-
locity scales is limited by the settling velocity: v˜max↑z ∝ v˜s . Hence, the assumption Θrt =
minv˜↑z Θ(v˜↑z) leads to Θrt ∝ µbs−1v˜−2s , which implies
Vx ∝ Ux . (17)
Equation (17) is, indeed, the limit of equation (7e) for small Ux/
√
Θrt (i.e., large viscous sub-
layer [Pähtz and Durán, 2017]).
3.3 Threshold Interpretation
The analytical threshold model presented in section 3.2 allows a physical interpreta-
tion of the threshold Θrt defined by equation (1). In fact, two main ingredients of the analyt-
ical model are likely associated with a continuous rebound motion of particles: the constant
bed friction coefficient µb (section 3.2.1) and the relation between particle and fluid veloc-
ity (section 3.2.3). In particular, the latter relation gives rise to interpret Θrt as the minimal
fluid shear stresses needed to compensate the average energy loss of rebounding particles
by the fluid drag acceleration during particle trajectories, which is why we suggest to call
Θrt rebound threshold. However, note that there are crucial differences between our ana-
lytical model and the previous rebound threshold models by Berzi et al. [2016, 2017] (sec-
tion 4.4.3).
The only regime in which this rebound threshold interpretation of Θrt may be problem-
atic is viscous bedload transport due to the absence of a hopping motion of particles (Sec-
tion 3.4.1). However, because the analytical model also reproduces viscous bedload transport
measurements (Figure 3), it may be necessary to widen the meaning of the term rebound in
this context to any kind of particle-bed interaction that dissipates energy.
3.4 Physical Insights from the Analytical Threshold Model
In this section, we shed light on the transition between bedload and saltation transport,
present a general threshold diagram, and analyze the predictions of the analytical threshold
model for specific conditions.
3.4.1 Transition Between Bedload and Saltation Transport and General Threshold
Diagram
The only element of the analytical model that is associated with intergranular contacts
and thus bedload transport is the quantity Zc = βµ−1b Θ in equation (7c), which describes
the contribution of intergranular contacts to the characteristic transport layer thickness Z .
Likewise, the parameter
S =
Z − Zc
Z
=
sV2z
Z
< 1 (18)
describes the relative contribution of particle hops to Z . Consistent with the definitions given
in section 1, one may thus quantify saltation transport (i.e., insignificant intergranular con-
tacts) through S ≥ 0.9 (or any other value near but smaller than unity because 100% saltation
transport does not occur) and thus bedload transport (i.e., significant intergranular contacts)
through S < 0.9.
Figure 6 shows the rebound threshold Θrt versus the number
√
sGa predicted by the
analytical model for cohesionless particles and various particle-fluid-density ratios s (solid
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lines), where the value of S is indicated by the color of the line segments. It can be seen that
Figure 6. General threshold diagram. Rebound threshold Θrt versus Stokes-like number
√
sGa predicted
by the analytical threshold model for cohesionless, naturally-shaped particles (ccoh = 0, C∞d = 1, m = 1.5)
and various particle-fluid-density ratios s. The color indicates the quantity S, which describes the relative
contribution of particle hops to the characteristic transport layer height Z [equation (18)].
saltation transport occurs when the critical values
√
sGa ≈ 50 and s ≈ 10 are exceeded
(which follows from the derivations in the next sections). Furthermore, it is apparent that
particle hops are crucial in turbulent bedload transport (see also Movie S2). In particular,
for s = 2.65 and large Ga, the analytical model predicts S = 0.76, which is consistent with
measurements [Lajeunesse et al., 2010, their Figure 12]. The only transport regime that is
truly dominated by intergranular contacts is viscous bedload transport (
√
sGa . 5).
The dependent number
√
sGa has previously been interpreted as a Stokes-like num-
ber [Berzi et al., 2016, 2017; Clark et al., 2017]. Given that this number partially controls
the transition between bedload and saltation transport, our interpretation of Θrt as a rebound
threshold, and the scaling Θrt ∝ (
√
sGa)−2 for viscous saltation transport (see Figure 6 and
the derivation in the next section), it is much more meaningful to parametrize Θrt by
√
sGa
than the particle Reynolds number Red , as we did in the general threshold diagram (Fig-
ure 6).
3.4.2 Threshold for Viscous Saltation Transport
We define viscous saltation transport as the regime in which the mean transport layer
is large but nonetheless submerged within the viscous sublayer, and the fluid drag force is
dominated by Stokes drag. We thus obtain Ux − Vx ' µbGa/18 from equation (7a), Ux '
Θrt GaZ from equations (7d) and (A.1), Vx = γUx from equation (7e), and Z ' α2µ−2b sV2x
from equations (7b) and (7c). Combined, these relations yield
Θrt '
18µb(1 − γ)
α2γ2
(√sGa)−2, (19)
Z ' α
2γ2
324(1 − γ)2 (
√
sGa)2. (20)
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3.4.3 Threshold for Aerodynamically Smooth Turbulent Saltation Transport
However, the transport height of particles cannot increase indefinitely within the vis-
cous sublayer. At some point, the fastest moving particles exceed the viscous sublayer and
become influenced by the buffer layer, though fluid drag remains viscous. Then Vx becomes
controlled by
√
Θrt rather than Ux , which is encoded in the saturated value of equation (7e)
(large Ux/
√
Θrt ), reading Vx ' 2κ−1
√
Θrt . Furthermore, Ux . Θrt GaZ because the viscous-
sublayer profile represents an upper boundary for the mean fluid velocity profile in the buffer
layer and log layer. Moreover, in the saturated regime, Ux/Vx increases strongly (Figure 5b),
and we thus approximate Ux − Vx ' Ux . These changes imply
Θrt &
√
µ3
b
κ2
72α2
√
s
−1
, (21)
which does not depend on Ga.
3.4.4 Threshold for Aerodynamically Rough Turbulent Saltation Transport
For aerodynamically rough turbulent saltation transport, the viscous sublayer becomes
negligible, and fluid drag tends to be in the turbulent regime. We thus obtain Ux − Vx '
Ux =
√
4µb/(3C∞d ) from equation (7a), Ux ' κ−1
√
Θrt ln(Zd/zo) = κ−1
√
Θrt ln(30Z) from
equations (7d) and (A.1), Vx = 2κ−1
√
Θrt from equation (7e), and Z ' α2µ−2b sV2x from
equations (7b) and (7c). Combined, these relations yield
Θrt '
4κ2µb
3C∞
d
[
ln
(
120κ−2α2µ−2
b
sΘrt
)]2 , (22)
Z ' 16α
2s
3C∞
d
µb [ln (30Z)]2
. (23)
3.4.5 Minimum of the Rebound Threshold
Equation (21) means that the decrease of Θrt with Ga predicted by equation (19) must
stop at some point, resulting in a local minimum minGa Θrt (s,Ga). Hence, the right-hand side
of equation (21) is an estimate of this minimum value (inset of Figure 7a) and aerodynami-
cally smooth turbulent saltation transport the regime that occurs around this minimum. Fur-
thermore, because the minimum is associated with the mean transport layer height exceed-
ing the viscous sublayer, it occurs at a critical value of the transport layer Reynolds number
Rez ≡ Red(Z + Z∆) ≡ urt (z − zu)/ν (Figure 7a). Using the relations valid for aerodynamically
smooth turbulent saltation transport, this number can be approximated as
Rez '
4α2sΘrt
√
Θrt Ga
µ2
b
κ2
∼ µ1/4
b
s1/4Ga, (24)
which is proportional to s1/4Ga for cohesionless conditions (µb = µob). Indeed, Figure 7b
shows that s1/4Ga = 200 is a good predictor for the location of this minimum.
4 Discussion
In this section, we first support the main assumption of the analytical threshold model
(section 4.1). Then we discuss our results in the contexts of sediment entrainment (sec-
tion 4.2) and transport intermittency (section 4.3). Finally, we compare our analytical thresh-
old model with previous ones (section 4.4).
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Figure 7. Minimum of rebound threshold. Rebound threshold Θrt versus (a) transport layer Reynolds
number Rez and (b) s1/4Ga predicted by the analytical threshold model for cohesionless, naturally-shaped
particles (ccoh = 0, C∞d = 1, m = 1.5) and various particle-fluid-density ratios s. Inset: minGa
Θrt (s,Ga) versus
s.
4.1 Steady State Assumption
The starting point of the analytical threshold model in Section 3.2 is the assumption
that, for any value of the Shields number Θ > Θrt , there is a unique equilibrium (i.e., steady)
transport state associated with continuous nonsuspended sediment transport that obeys equa-
tion (1). This assumption is not trivially fulfilled because it has been shown in previous nu-
merical studies of bedload and saltation transport that transport becomes metastable when Θ
falls below another critical value Θet that is larger than Θrt [Carneiro et al., 2011; Clark et al.,
2015]: bulk transport will stop after an average time ts , which obeys a power law ts − tos ∝
(Θet − Θ)p , where tos is a constant and p < 0 the associated power. When bulk transport has
stopped, it may be reinitiated by turbulent entrainment events [Carneiro et al., 2011], leading
to an intermittent transport regime in which Θet marks the transition to continuous transport,
as discussed in section 4.3.
In order to confirm that the metastable regime is nonetheless associated with an equi-
librium state of continuous transport described by equation (1), we simulate the decay of the
transport load M = Q/vxq for fixed combinations of s and Ga and various Shields numbers
Θ corresponding to both stable (Θ ≥ Θet ) and metastable (Θ < Θet ) conditions, where the
initial condition of this decay is given by the steady state of a stable simulation with larger
Θ and where Θet is estimated as the smallest value of Θ at which short-time averages of M
always remain close to Me when running a simulation for a very long time. For these simula-
tions, we test whether transport reaches, at least temporarily, a state that obeys equation (1):
M/(ρpd) ∝ Θ−Θrt . The insets of Figure 8 show the simulated decay behaviors exemplary for
two typical conditions corresponding to turbulent bedload (Figure 8a) and saltation transport
(Figure 8b). It can be seen that, for any Θ > Θrt , the system initially, indeed, decays toward
an equilibrium transport state associated with the scaling Me/(ρpd) ∝ Θ − Θrt (dark blue
symbols), which confirms that the steady state assumption of the analytical threshold model
is physically meaningful. However, for Θrt < Θ < Θet , transport is on average (turquoise and
red symbols) below the equilibrium state (M < Me) because of the metastability of this state
(insets of Figure 8). However, note that M in Figure 8, although it can become very small,
never completely vanishes, even when Θ ≤ Θrt , which is consistent with subsurface creeping
[Houssais et al., 2015].
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Figure 8. Transported load: time series and the scaling at equilibrium. Dimensionless transport load
M/(ρpd) versus Shields number Θ for (a) an example of turbulent bedload transport (s = 1.1, Ga = 20) and
(b) an example of saltation transport (s = 2, 000, Ga = 10). Insets: Decay time series of M for metastable
conditions (Θrt < Θ < Θ
e
t ).
4.2 Transport Metastability and Sediment Entrainment
What is the mechanism responsible for the metastability of the equilibrium state of
continuous transport for Θrt < Θ < Θet described in section 4.1 as well as in previous stud-
ies [Carneiro et al., 2011; Clark et al., 2015]. In the insets of Figure 8, it can be seen that
an initial continuous decay is followed by discontinuous jumps afterward. According to the
rebound threshold interpretation, the initial decay is due to the fact that the flow is oversat-
urated, carries too many particles, and therefore cannot compensate the average energy loss
during an average particle rebound at the bed surface. However, as more and more particles
are deposited, the particle-flow feedback becomes weaker and the flow stronger. The initial
decay is over as soon as the flow is strong enough to compensate the energy losses during av-
erage rebounds. When this happens, deposition is no longer associated with the mean energy
loss during a particle-bed rebound but with the deviation from this mean: a series of unfor-
tunate rebounds caused by bed inhomogeneities that lead to deposition. In particular, once a
rebounding particle does not reach a sufficiently large transport height, the flow is not able to
compensate its mean energy loss during subsequent rebounds, and this particle will rapidly
settle.
Such random losses of continuously rebounding particles must be compensated by the
entrainment of bed sediment to ensure a stable steady state. In particular, particles must be
entrained with a sufficiently high energy so that they can participate in the continuous re-
bound state. However, the rebound threshold interpretation of Θrt does not involve quantita-
tive statements about sediment entrainment because the analytical threshold model in sec-
tion 3.2 does not contain ingredients associated with sediment entrainment. According to
this interpretation, there is thus no guarantee that sediment entrainment takes place when Θ
exceeds Θrt . In fact, we hypothesize that insufficient sediment entrainment by particle-bed
impacts for Θrt < Θ < Θet is the reason why transport is metastable and that Θet is the impact
entrainment threshold. To make our point, we focus on the cases s = 2, 000 and Ga = 10
(saltation transport in Earth’s atmosphere) and s = 1.1 and Ga = 20 (turbulent bedload trans-
port), which are both fully sustained through entrainment by particle-bed impacts [Pähtz and
Durán, 2017]. However, qualitatively similar statements to the ones we are about to make
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can also be made for all other fully impact-sustained conditions (i.e., Im = Ga
√
s + 0.5 & 20
[Pähtz and Durán, 2017]).
A number of studies experimentally investigated the physics of impact entrainment for
a range of parameters that is typical for aeolian transport [Mitha et al., 1986; Werner, 1990;
Rioual et al., 2000, 2003; Beladjine et al., 2007; Oger et al., 2008; Ammi et al., 2009]. In
such experiments, a particle is shot with varying velocity and angle onto a static particle bed
and the outcome statistically analyzed. These studies report that the average energy Ee of
particles ejected by an impact is nearly independent of the velocity of the impactor, which
instead mainly influences the number of ejected particles. This experimental observation has
a crucial implication for the continuous rebound interpretation. If Ee is too low compared
with the energy Eo required to participate in the continuous rebound state, ejected particles
will lose more energy during their own subsequent rebounds than the fluid supplies during
their short hops and thus rapidly settle. That is, ejected particles will not participate in the
continuous rebound state, which means that there is no supply of continuously rebounding
particles that can compensate random losses of them, and transport will thus eventually stop
(i.e., metastability).
Indeed, this seems to be the case with our simulations when Θrt < Θ < Θet (blueish
lines) because of the bimodal character of the distribution of the horizontal particle veloc-
ity near the bed surface (Figure 9): a small peak at high velocity corresponding to contin-
uous rebounders and a large peak at low velocity corresponding to entrained and creeping
particles. The gap for intermediate velocities (ellipses in Figure 9) means that bed particles
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Figure 9. Near-bed particle velocity distribution. Distribution of the horizontal particle velocity vx/
√
gˆd
near the bed surface (z ≈ zr ), where gˆ = (s− 1)g/(s+ 0.5) is the gravity constant reduced by the buoyancy and
added-mass acceleration, for (a) an example of saltation transport (s = 2, 000, Ga = 10) and (b) an example of
turbulent bedload transport (s = 1.1, Ga = 20).
only very rarely become continuous rebounders. In contrast, when Θ ≥ Θet (reddish lines
in Figure 9), the peak at high velocity is flattened out, and the gap for intermediate velocities
disappears. In the following, we propose two potential mechanisms, based on either isolated
or cumulative particle-bed impacts, that may explain why the production rate of continuous
rebounders strongly increases with Θ above Θrt .
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4.2.1 Mechanism Based on Isolated Particle-Bed Impacts
For an isolated particle-bed impact to have a nonzero probability Pr of directly pro-
moting a bed particle to a continuous rebounder, the impacting particle must transmit more
energy ∆E = E↓ − E↑ ≡ (1 − e2b)E↓, with E↓(↑) its energy before (after) impact and eb the
bed restitution coefficient, to the bed than the minimum energy Eo required to participate in
the continuous rebound state: ∆E/Eo > 1. In particular, when ∆E is larger but close to Eo,
small changes of ∆E have a relatively large effect on Pr .
The most violent impacts are those of the fastest continuous rebounders. For these par-
ticles, we expect E↑ = cEEo, where cE > 1 is a proportionality constant of order unity. We
thus obtain
∆E/Eo = cE (e−2b − 1). (25)
Measurements indicate eb ≈ 0.8 for impact velocities and angles typical for aeolian saltation
transport [Beladjine et al., 2007], which suggests that ∆E/Eo is close to unity. Hence, the
slight increase of E↓ with the Shields number Θ (cf. tails of the distributions in Figure 9),
which is associated with a slight increase of cE , may, indeed, be responsible for a relatively
large increase of Pr and thus explain why impact entrainment becomes sufficient at a value
Θet that is larger than Θrt .
4.2.2 Mechanism Based on Cumulative Particle-Bed Impacts
When two transported particles in a sufficiently short sequence hit a bed particle, the
second one has an increased probability of entraining and promoting it to a continuous re-
bounder as the bed particle does not fully recover from the first impact. This cumulative
effect of successive particle-bed impacts, which has been neglected in most previous stud-
ies of impact entrainment [Anderson and Haff , 1988, 1991; Haff and Anderson, 1993; Ri-
oual et al., 2000, 2003; Oger et al., 2005, 2008; Beladjine et al., 2007; Crassous et al., 2007;
Ammi et al., 2009; Kok and Renno, 2009; Valance and Crassous, 2009; Ho et al., 2012; Co-
mola and Lehning, 2017; Huang et al., 2017; Tanabe et al., 2017; Lämmel et al., 2017] and
in numerous theoretical studies that link properties of aeolian saltation transport to the splash
of isolated particle-bed impacts [Andreotti, 2004; Creyssels et al., 2009; Kok and Renno,
2009; Kok, 2010a; Jenkins et al., 2010; Lämmel et al., 2012; Pähtz et al., 2012; Huang et al.,
2014; Jenkins and Valance, 2014, 2018; Wang and Zheng, 2014, 2015; Berzi et al., 2016,
2017; Bo et al., 2017; Lämmel and Kroy, 2017], increases with the frequency of particle-
bed impacts and thus with Θ − Θrt [equation (1)]. Consistently, Lee and Jerolmack [2018],
who investigated bedload transport intermittency in a water flume as a function of the rate at
which particles are fed at the flume entrance, reported a change in the velocity distribution of
transported particles that is qualitatively very similar to the one shown in Figure 9: a bimodal
distribution at low feeding rate (i.e., low impact frequency) turns into a unimodal distribu-
tion at high feeding rate (i.e., high impact frequency). In fact, when the characteristic time
between impacts becomes smaller than the time the bed surface needs to recover from an im-
pact, repeated impacts will increase the fluctuation motion of the bed. This impact-driven
fluctuation motion weakens the links between neighboring bed surface particles when com-
pared with a static bed. The weakest possible link of a bed surface particle to its neighbors is
when it is about to detach from the bed. When the impactor hits such a particle, a fraction of
the impact energy will be transferred to it but then not be further distributed among the many
neighboring particles like for impacts on strongly linked static bed particles. Hence, the char-
acteristic energy of entrained particles becomes coupled to the impact energy when a criti-
cal impact frequency is exceeded, which makes it much more likely that entrained particles
participate in the continuous rebound state and thus may explain why impact entrainment
becomes sufficient at a value Θet that is larger than Θrt .
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4.3 A New Conceptual Picture of Sediment Transport Intermittency
In this section, we put forward a new conceptual picture of sediment transport intermit-
tency, which is sketched in Figure 10. It combines the insights into the physics of sediment
Figure 10. Conceptual picture of sediment transport intermittency. Three intermittency regimes are
distinguished: (I) When Θ < Θrt (section 4.3.1), individual particles entrained by turbulent events (I > Ic)
rapidly deposit again as the flow cannot compensate their average energy loss during collisions with the bed
surface: the brief transport rate spike during such events interrupts an otherwise quiescent transport stage
(transport load M ' 0). (II) When Θrt < Θ < Θet (section 4.3.2), the flow is sufficient in compensating
such energy losses: transported particles tend to continuously rebound for comparably longer periods before
depositing, resulting in a collective particle motion (i.e., bulk transport) and significant transport autocorrela-
tions. Nonetheless, significant periods of rest still occur (i.e., transport cannot sustain equilibrium conditions:
M < Me) as turbulent entrainment events supply the transport layer with continuous rebounders only at
an intermittent basis, while entrainment by particle bed-impacts is insufficient. (III) When Θ ≥ Θet (sec-
tion 4.3.3), impact entrainment supplies the transport layer with continuous rebounders at a sufficiently high
rate: transport is continuous and remains at equilibrium (M = Me).
transport cessation from our study with the description of turbulent entrainment events by
Diplas et al. [2008], Celik et al. [2010], and Valyrakis et al. [2010, 2011, 2013], which can
supply the transport layer with new bed material on an intermittent basis. In a series of ex-
perimental and theoretical studies, these authors first showed that, for an entrainment event
to occur, the instantaneous fluid force must exceed a critical value for a sufficiently long pe-
riod of time so that the fluid impulse (i.e., the duration of an event with above-critical fluid
force multiplied with the average value of this above-critical force) exceeds a threshold. Va-
lyrakis et al. [2013] then further refined this impulse criterion to an energy criterion: the
time-integrated above-critical flow power I [Valyrakis et al., 2013], which is a measure for
the mechanical energy transferred from flow to particle, must exceed a threshold for an en-
trainment event to occur: I > Ic . However, the probability of a successful energy event
does depend not only on the Shields number Θ but also on the flow geometry and bed rough-
ness, and the question of whether or not a particle-bed impact preceded the event [Vowinckel
et al., 2016], which is the reason why a critical Shields number criterion can only be seen as
a crude approximation of this energy criterion and why visual measurements of the fluvial
transport threshold scatter by more than an order of magnitude [Valyrakis et al., 2011]. In the
subsequent sections, we will discuss the conceptual model and Figure 10 in more detail.
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4.3.1 Intermittent Individual Transport (Θ < Θrt )
When the fluid shear stress Θ is below Θrt , individual particles entrained by turbulent
events rapidly deposit again as the fluid shear stress cannot compensate their average energy
loss when colliding with the bed surface according to our interpretation of Θrt as a rebound
threshold (section 3.3). This situation is typical for fluvial transport initiation studies that vi-
sually measure incipient motion using criteria based on critical amounts of individually mov-
ing particles, such as the criteria by Kramer [1935] (‘weak’ and ‘medium’ motion). Con-
sistently, these visually measured thresholds are typically smaller than the fluvial rebound
threshold Θrt measured using the reference method [Buffington and Montgomery, 1997].
4.3.2 Intermittent Bulk Transport (Θrt < Θ < Θet )
In contrast, when Θrt < Θ < Θet , particles entrained by turbulent events continuously
rebound for comparably longer periods before they deposit again, giving rise to intermittent
bulk transport and significant transport autocorrelations, as often observed in aeolian [Lee,
1987; Stout and Zobeck, 1997; Rasmussen and Sørensen, 1999; Spies et al., 2000; Baas and
Sherman, 2005; Ellis et al., 2012; Pfeifer and Schönfeldt, 2012; Dupont et al., 2013; Martin
et al., 2013; Bauer and Davidson-Arnott, 2014; Carneiro et al., 2015; Sherman et al., 2018]
and fluvial systems [Heathershaw and Thorne, 1985; Drake et al., 1988; Dinehart, 1999; An-
cey et al., 2006, 2008; Heyman et al., 2013; Lee and Jerolmack, 2018]. The closer Θ comes
to the impact entrainment threshold Θet , the more such continuously rebounding particles the
flow can carry, which increases the probability of impact entrainment events (section 4.2)
and thus further enhances transport autocorrelation. Previous studies, indeed, showed that
the transport autocorrelation function measured in fluvial bedload transport experiments
cannot be explained by turbulence alone but that it must be a manifestation of an intrinsic
transport mechanism that correlates sediment entrainment with the number of transported
particles [Ancey et al., 2008, 2015; Heyman et al., 2013]. However, as long as Θ < Θet , bulk
transport will stop after a sufficient waiting period as impact entrainment is not sufficient to
compensate random losses of continuous rebounders and since turbulent events only entrain
particles on an intermittent basis. The resulting period of rest ends when a turbulent event
reinitiates bulk transport.
4.3.3 Continuous Bulk Transport (Θ ≥ Θet )
Once Θ exceeds Θet , transport becomes continuous because impact entrainment events
supply the transport layer with continuous rebounders at a sufficiently high rate, at which
point the system remains at equilibrium and M = Me ∝ ρpd(Θ − Θrt ). In contrast, as
long as transport is intermittent (metastable), M < Me. This conceptual picture implies that
equation (1) is only valid for steady, continuous, but not for intermittent transport of nonsus-
pended sediment, which explains why bedload transport formulae like equation (1) fail when
Θ . 2Θrt [Meyer-Peter and Müller, 1948; Recking et al., 2012] and why one should there-
fore only use data representing bulk transport when testing such relations [Bunte and Abt,
2005; Singh et al., 2009; Shih and Diplas, 2018]. In fact, measurements [Carneiro et al.,
2015; Martin and Kok, 2018] and direct transport simulations [González et al., 2017] sug-
gest Θet ≈ 1.5Θrt for transport in Earth’s atmosphere and Θet ≈ 2Θrt for transport in water,
respectively.
If the picture described in the subsections above is accurate, it can be concluded that
visual measurements that use the occurrence of intermittent bulk transport to characterize
sediment transport cessation may result in threshold Shields numbers not far from Θrt . This
provides a potential alternative means to experimentally estimate Θrt for situations in which
it is easy to distinguish individual from bulk transport. For example, bulk transport in aeo-
lian environments is characterized by large particles hops, the occurrence of which can be
relatively easily identified by visual inspection, which is what Bagnold [1937]and Chepil
[1945] did when they measured the impact threshold. However, given that Bagnold [1937]
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and Chepil [1945] had no access to modern measurement equipment, such as video cameras,
they probably overestimated the impact threshold and thus Θrt (Figure 3). In contrast, the im-
pact threshold that we estimated from the camera measurements by Carneiro et al. [2015]
seems to be more consistent with measurements of Θrt (Figure 3).
4.4 Comparison With Previous Threshold Models
4.4.1 Mean Flow Entrainment Models
Mean flow entrainment models derive a transport initiation threshold Shields number
from a force balance, and/or torque balance, between mean fluid forces and resisting contact
forces acting on a representative particle resting on the bed surface [Bagnold, 1936, 1941;
White, 1940; Ward, 1969; Iversen et al., 1976; Schmidt, 1980; Iversen et al., 1987; Iversen
and White, 1982; Wiberg and Smith, 1987; Ling, 1995; Dey, 1999, 2003; Lehning et al.,
2000; Shao and Lu, 2000; Wu and Chou, 2003; Lu et al., 2005; Claudin and Andreotti, 2006;
Luckner and Zanke, 2007; Vollmer and Kleinhans, 2007; Dey and Papanicolaou, 2008; Reck-
ing, 2009; Durán et al., 2011; Lee et al., 2012; Duan et al., 2013; Bravo et al., 2014; Ed-
wards and Namikas, 2015; Ali and Dey, 2016; Rous˘ar et al., 2016; Agudo et al., 2017; Bravo
et al., 2017; He and Ohara, 2017]. Many of these models have been proposed to reproduce
the Shields diagram, which displays two kinds of fluvial thresholds: a threshold obtained
from extrapolating measurements of the transport rate to (nearly) vanishing transport and
visual measurements of the initiation threshold of individual transport (see section 4.3 for
details). The former threshold is the rebound threshold Θrt according to our study, while the
latter threshold is associated with much-larger-than-average instantaneous fluid forces during
turbulent events [Valyrakis et al., 2011]. Hence, mean flow entrainment models do not cap-
ture the physics of the Shields diagram. However, mean flow entrainment models are able to
capture the physics behind transport initiation in the absence of strong turbulent fluctuations,
such as the initiation of laminar bedload transport, for which the predictions of certain mean
flow entrainment models, indeed, match the experimental observations without any empirical
input [Agudo et al., 2017].
4.4.2 Impact Entrainment Models
In the aeolian transport community, a number of studies have proposed analytical mod-
els of equilibrium bulk saltation transport associated with impact entrainment, which take the
dynamics of hopping particles into account [Andreotti, 2004; Claudin and Andreotti, 2006;
Kok, 2010a; Lämmel et al., 2012; Pähtz et al., 2012]. Such models approximate the turbulent
flow field and the fraction 1 − e2
b
of energy lost during particle-bed rebounds as their respec-
tive average values. Under these idealizations, the energy E↑ of a particle leaving the bed
surface must be larger than a critical value Eo, which slightly depends on the lift-off angle, if
it is to gain more energy ∆E = E↓ − E↑ during the following hop than it loses when success-
fully rebounding with the bed: ∆E > (1 − e2
b
)E↓ (cf. section 4.2.1). Otherwise, the particle
will inevitably become trapped by the bed in subsequent hops even if the rebound probability
preb is equal to unity. To our knowledge, all existing impact entrainment models effectively
assume that, in equilibrium, all particles leave the surface with an above-critical lift-off en-
ergy, which is why the equilibrium condition in these models states that, on average, each
hopping particle trapped by the bed due to rebound failure (preb < 1) must be compensated
by a bed particle entrained by an impact of a hopping particle. In the limit of vanishing trans-
port, this condition can be used to predict the cessation threshold Θet associated with impact
entrainment [Claudin and Andreotti, 2006; Kok, 2010a; Pähtz et al., 2012], which led to in-
teresting insights into the physics of planetary saltation transport, such as the possibility of
bulk saltation transport on Mars much below the bulk saltation transport initiation threshold
[Almeida et al., 2008; Kok, 2010b]. However, the physics underlying these threshold models
are strongly challenged by our study because the majority of bed particles acquire an energy
that is significantly smaller than Eo when entrained by particle-bed impacts (section 4.2), and
these particles will inevitably become trapped by the bed regardless of the value of preb. In
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fact, for the above idealizations of the turbulent flow field and particle-bed rebounds, the re-
bound threshold Θrt is exactly the Shields number above which an equilibrium particle trajec-
tory corresponding to continuously rebounding particles (i.e., particles that leave the surface
with an above-critical energy) begins to exist according to our study. Hence, the equilibrium
condition that impact entrainment models should use to obtain Θet should be as follows. On
average, each continuously rebounding particle trapped by the bed due to rebound failure
must be compensated by a bed particle that is entrained by a particle-bed impact and that
acquires an above-critical lift-off energy upon entrainment (Section 4.2).
4.4.3 Continuous Rebound Models
Continuous rebound models of sediment transport cessation are a recent modeling
technique put forward by Berzi et al. [2016, 2017]. They represent the particle dynamics
by particles moving in identical periodic trajectories over a perfectly flat bed, fix the impact
and lift-off angles, and then look for the minimal Shields number that just allows a periodic
identical trajectory. Although this picture conceptually agrees with our interpretation of Θrt
as a rebound threshold (section 3.3), there are crucial differences. Most importantly, by as-
suming identical periodic trajectories over a perfectly flat bed, the models by Berzi et al.
[2016, 2017] neglect the influences of intergranular contacts on the particle motion, which
is the probable reason why these models overestimate measurements of the turbulent bed-
load transport threshold by an order of magnitude [diamonds in Berzi et al., 2016, their Fig-
ure 7]. In contrast, intergranular contacts are accounted for in equation (7c) of our analytical
threshold model. Furthermore, the models by Berzi et al. [2016, 2017] assume that lubri-
cation forces strongly damp particle-bed rebounds. In contrast, our numerical simulations
indicate that lubrication is negligible in bedload transport (section 2.1), which is why it is
also neglected in the analytical model. Finally, in the idealized picture by Berzi et al. [2016,
2017], particles are never captured by the bed surface, which is why an upper bound on the
impact velocity is imposed to prevent impact entrainment, the occurrence of which would not
allow a steady state in the absence of particle capture. Hence, when the predicted threshold
corresponds to a solution that exhibits this bounded value of the impact velocity, the contin-
uous rebound threshold by Berzi et al. [2016, 2017] essentially becomes an impact entrain-
ment threshold. In contrast, according to our study, Θrt is always a rebound threshold and the
impact entrainment threshold Θet always larger than Θrt because particle capture due to inho-
mogeneities of the bed surface is never sufficiently compensated by impact entrainment at Θrt
(section 4.2).
5 Conclusions
In this study, we used numerical simulations that couple the discrete element method
for the particle motion with a continuum Reynolds-averaged description of hydrodynam-
ics to study the sediment transport threshold for a large range of Newtonian fluids driving
transport. Among the various possible threshold definitions, we employed a definition that
is applicable to arbitrary environmental conditions, insensitive to the presence of turbulent
fluctuations around the mean turbulent flow, and meaningful in a geomorphological context:
the indirect definition of the threshold Θrt as the value of the Shields number Θ at which sed-
iment transport rate relations like equation (1) predict vanishing transport (i.e., the reference
method [Buffington and Montgomery, 1997]). We then derived an analytical model to de-
scribe the simulation data. This model predicts Θrt in arbitrary environments in agreement
with available measurements in air and viscous and turbulent liquids despite not being fitted
to these measurements (Figure 3). From the model and its interpretation, and the simula-
tions, the following main conclusions can be drawn:
1. The threshold Θrt is a rebound threshold associated with the cessation of bulk sedi-
ment transport: the minimal fluid shear stress needed to compensate the average en-
ergy loss of rebounding particles by the fluid drag acceleration during particle trajec-
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tories. Hence, for Θ ≥ Θrt , transported particles continuously rebound for comparably
longer periods before they deposit, whereas they deposit very quickly for Θ < Θrt .
For bedload transport, the normal restitution coefficient e of binary particle collisions,
whose effective value can be very small due to lubrication forces, does not signifi-
cantly affect typical particle-bed rebounds and thus the value of Θrt (section 2.1).
2. Neither Θrt nor the average velocity vx of transported particles (at least for Shields
numbers Θ not too far from Θrt ) depends significantly on the occurrence and statistics
of bed sediment entrainment caused by the driving fluid and/or particle-bed impacts.
That is, Θrt is not related to the balance of forces and/or torques, including those in-
duced by particle-bed impacts, acting on particles resting on the bed surface.
3. The reference method and the visual method used to determine fluvial transport thresh-
olds displayed in the Shields diagram [Buffington and Montgomery, 1997] are funda-
mentally different: the former method results in the rebound threshold Θrt for bulk
motion, whereas the latter method results in a smaller threshold associated with incip-
ient motion of individual particles due to turbulent events [Valyrakis et al., 2011].
4. For a given particle-fluid-density ratio s, the minimum value of Θrt as a function of
the Galileo number Ga, or the particle Reynolds number Red , occurs when trans-
ported particles begin to exceed the viscous sublayer of the turbulent boundary layer
(i.e., when s1/4Ga ≈ 200, see Figure 7).
5. The transition between bedload and saltation transport is characterized by critical val-
ues of two dimensionless numbers. Saltation transport occurs when
√
sGa & 50 and
s & 10, whereas bedload transport occurs when
√
sGa . 50 or s . 10, which sug-
gests that one should use the Stokes-like number
√
sGa as the dependent parameter of
a general Shields-like threshold diagram (Figure 6).
6. The threshold Shields number Θet at which entrainment by particle-bed impacts can
fully compensate the rare, yet occurring deposition of continuously rebounding par-
ticles is larger than Θrt (for aeolian saltation transport, Θet ≈ 1.5Θrt , for subaqueous
bedload transport, Θet ≈ 2Θrt [Carneiro et al., 2015; González et al., 2017; Martin
and Kok, 2018]). We have proposed two potential mechanisms to explain this inequal-
ity (section 4.2). One mechanism is the cumulative effect of successive particle-bed
impacts, which causes a fluctuation motion of bed surface particles that makes them
more susceptible for entrainment in a continuous rebound state. Note that recent nu-
merical and experimental studies indicate that impact entrainment dominates direct
fluid entrainment in turbulent bedload transport [Vowinckel et al., 2016; Pähtz and
Durán, 2017; Lee and Jerolmack, 2018].
7. The impact entrainment threshold Θet also marks the transition between intermittent
and continuous transport. Below Θet , turbulent events sustain transport on an inter-
mittent basis, where the intermittency characteristics depend on whether the Shields
number Θ is above or below the rebound threshold Θrt (Figure 10).
8. Sediment transport rate relations like equation (1) are only applicable to steady, con-
tinuous transport of nonsuspended sediment (i.e., Θ ≥ Θet ) but fail to describe inter-
mittent transport (i.e., Θ < Θet ), which explains why bedload transport formulae like
equation (1) fail when Θ . 2Θrt [Meyer-Peter and Müller, 1948; Recking et al., 2012]
and why one should therefore only use data representing bulk transport when testing
such relations [Bunte and Abt, 2005; Singh et al., 2009; Shih and Diplas, 2018].
Finally, we would like to note that we have exclusively considered a nearly horizontal sedi-
ment bed, consisting of particles of relatively uniform size [dp ∈ (0.8d, 1.2d), evenly dis-
tributed], submerged in a deep turbulent boundary layer in this study. Unraveling the depen-
dencies of the different transport thresholds on the grain size polydispersity, boundary layer
height (e.g., for supercritical water flows), and bed slope remains a major challenge [Wilcock,
1993, 1998; Wilcock and Crowe, 2003; Lamb et al., 2008; Prancevic et al., 2014; Prancevic
and Lamb, 2015; Maurin et al., 2018; Seil et al., 2018].
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A: Law of the Wall [Function f in equation (7d)]
The law of the wall by Guo and Julien [2007] is
ux√(s − 1)gd = √Θrt f (Red(z − zu)/d,Red) ,
f (Redz/d,Red) = 7 arctan
(
Red
7
z
d
)
+
7
3
arctan3
(
Red
7
z
d
)
−0.52 arctan4
(
Red
7
z
d
)
+ ln
[
1 +
(
Red
B
z
d
) (1/κ)]
−1
κ
ln
{
1 + 0.3Red
[
1 − exp
(
−Red
26
)]}
, (A.1)
where κ = 0.4 and B = exp(16.873κ − ln 9). This version of the law of the wall has the
advantage of providing a single equation for all flow regimes. Within the viscous sublayer of
the turbulent boundary layer ux/
√(s − 1)gd → Θrt Ga(z − zu)/d, whereas in the log-layer
ux/
√(s − 1)gd → κ−1√Θrt ln[(z − zu)/zo]. The roughness length zo equals d/(9Red) in the
hydraulically smooth and d/30 in the hydraulically rough regime [Guo and Julien, 2007].
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Notation
τ Fluid shear stress [Pa]
ρp Particle density [kg/m3]
ρ Particle mass density [kg/m3] (particle density × volume fraction)
ρ f Fluid density [kg/m3]
g Gravitational constant [m/s2]
g˜ = (1 − ρ f /ρp)g Buoyancy-reduced gravitational constant [m/s2]
d Characteristic particle diameter [m]
ν Kinematic viscosity [m2/s]
E Young modulus [Pa] (for quartz particles, E = 7 × 1010 Pa)
σ Particle surface tension [J/m2] (for quartz particles, σ = 3 J/m2)
x Horizontal coordinate in the flow direction parallel to the bed [m]
z Vertical coordinate in the direction normal to the bed [m]
zr Bed surface elevation [m] (effective location of energetic particle-bed rebounds)
zu Zero-fluid-velocity elevation [m]
zo Roughness length [m]
z Transport layer average of z [m]
vx Transport layer average of the horizontal particle velocity [m/s]
vx
q Flux-weighted average of the horizontal particle velocity [m/s]
ax Transport layer average of the horizontal particle acceleration [m/s]
az Transport layer average of the vertical particle acceleration [m/s]
Q Sediment transport rate [kg/(ms)]
Qr Sediment transport rate above the bed surface [kg/(ms)]
Mr = Qr/vx Layer-based transport load [kg/m2]
M = Q/vxq Flux-based transport load [kg/m2]
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Pi j = P
t
i j + P
c
i j Particle stress tensor [Pa] (shear stress −Pzx , pressure Pzz)
Pti j Kinetic contribution to particle stress tensor [Pa]
Pci j Contact contribution to particle stress tensor [Pa]
Θ = τ/((ρp − ρ f )gd) Shields number
Θrt Shields number at the cessation threshold of bulk transport (‘rebound threshold’)
Θet Shields number at the impact entrainment threshold (= continuous transport threshold)
s = ρp/ρ f Particle-fluid-density ratio
Ga =
√
(s − 1)gd3/ν Galileo number
Red = Ga
√
Θrt Particle Reynolds number
Rez = Red(Z + Z∆) Transport layer Reynolds number
C = d−1σ3/5E−1/5((ρp − ρ f )g)−2/5 Cohesion number
κ = 0.4 von Kármán constant
Cd Drag coefficient
C∞
d
Turbulent drag coefficient (for natural particles, C∞
d
= 1)
m Parameter associated with drag law by Camenen [2007] (for natural particles, m = 1.5)
Z = (z − zr )/d Dimensionless characteristic transport layer thickness
Z∆ = (zr − zu)/d = 0.7 Dimensionless distance between zu and zr (model parameter)
Zc = P
c
zz/ρ/(g˜d) Contribution of particle contacts to Z (important for bedload transport)
Ux = ux/
√(s − 1)gd Dimensionless average horizontal fluid velocity
Vx = vx/
√(s − 1)gd Dimensionless average horizontal particle velocity
Vz =
√
v2z/
√(s − 1)gd Dimensionless average vertical particle velocity
µ = −Pzx/Pzz Ratio between particle shear stress and pressure (‘friction coefficient’)
µb = µ(zr ) Bed friction coefficient
µo
b
= 0.63 Cohesionless bed friction coefficient (model parameter)
ccoh Model parameter quantifying the strength of adhesive forces
α = 0.18 Model parameter linking horizontal speed of ascending and descending particles
β = 0.9 Model parameter associated with Zc (important for bedload transport)
γ = 0.79 Model parameter associated with the link between Vx and Ux
f Function associated with the law of the wall by Guo and Julien [2007] [equation (A.1)]
S = (Z − Zc)/Z Relative contribution of particle hops to Z
I Time-integrated flow power (only events with above-critical flow power are considered)
Ic Critical value of I above which a turbulent event leads to bed particle entrainment
Movie S1.
Time evolution of the simulated particle-fluid system for s = 2000, Ga = 20, Θ ' 2Θrt ,
and weakly damped interparticle collisions (restitution coefficient e = 0.9). The flow velocity
is shown as a background color with warm colors corresponding to high velocities and cold
colors to small velocities. The horizontal and vertical axes are measured in mean particle
diameters. Only 1/4 of the simulated horizontal domain is shown, which is why particles
occasionally enter the system from the left. It can be seen that entrainment by particle-bed
impacts dominates entrainment by the mean turbulent flow (fluctuations around the mean are
neglected), and that the flow maintains a continuous rebound motion of transported particles.
Movie S2.
Time evolution of the simulated particle-fluid system for s = 2.65, Ga = 20, Θ '
1.5Θrt , and nearly maximally damped interparticle collisions (restitution coefficient e =
0.01). The flow velocity is shown as a background color with warm colors corresponding
to high velocities and cold colors to small velocities. The horizontal and vertical axes are
measured in mean particle diameters. Only 1/4 of the simulated horizontal domain is shown,
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which is why particles occasionally enter the system from the left. It can be seen that entrain-
ment by particle-bed impacts dominates entrainment by the mean turbulent flow (fluctuations
around the mean are neglected), and that the flow maintains a continuous rebound motion of
transported particles despite e = 0.01.
Movie S3.
Time evolution of the simulated particle-fluid system for s = 2000, Ga = 20, Θ '
3Θrt , and nearly maximally damped interparticle collisions (restitution coefficient e = 0.01).
The flow velocity is shown as a background color with warm colors corresponding to high
velocities and cold colors to small velocities. The horizontal and vertical axes are measured
in mean particle diameters. Only 1/4 of the simulated horizontal domain is shown, which is
why particles occasionally enter the system from the left. It can be seen that entrainment by
particle-bed impacts dominates entrainment by the mean turbulent flow (fluctuations around
the mean are neglected), and that particles move in large hops despite e = 0.01.
MATLAB code.
Commented, self-explaining MATLAB code to compute the transport threshold Θrt
from the analytical model equations.
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Figure S1. Dimensionless sediment transport rate Q/[ρpd
√(s − 1)gd] versus Shields number Θ. Blue
(red) symbols correspond to numerical sediment transport simulations with (without) turbulent fluctuations
around the mean turbulent flow. Circles correspond to numerical sediment transport simulations using an
initially mobile bed (steady transport), squares to an initially static bed, and crosses to measurements by La-
jeunesse et al. [2010]. This figure is an extension of Figure 6 of Maurin et al. [2015] with mobile bed data.
Measurements and simulations, though quantitatively different, exhibit a similar qualitative behavior, and it
is the sole purpose of this figure to estimate the qualitative effect of turbulent fluctuations and the numerical
protocol on the transport rate data.
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Figure S2. (a) Bed friction coefficient µb and (b) dimensionless fluid-particle-velocity difference Ux − Vx
versus product of impact number Im = Ga
√
s + 0.5 and Θ/Θrt . Symbols correspond to data from our cohe-
sionless transport simulations (ccoh = 0) for varying s, Ga, and Θ. The solid line in (a) corresponds to the
constant value µo
b
= 0.63 used in the analytical model. The colored solid lines in (b), each color correspond-
ing to the same value of Ga as the likewise colored symbols, show Ux − Vx calculated by the analytical model.
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Figure S3. (a) 12 (〈vz〉↑ − 〈vz〉↓)/
√(s − 1)gd versus √[µ−2Vx]Θ≈Θrt Vx and (b) Vz ≡ √v2z /√(s − 1)gd
versus
√
[µ−2
b
Vx]Θ≈Θrt Vx . Symbols correspond to data from our cohesionless transport simulations (ccoh = 0)
for varying s, Ga, and Θ. Simulated values of µb and µ are used. The solid lines show the proportionality
between abscissa and ordinate using a proportionality factor of α = 0.18.
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